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A gyroscopic s a t e l l i t e  has  been proposed f o r  a test  of  t he  
gene ra l  theory o f  r e l a t i v i t y l Y 2  i n  which t h e  gyro " d r i f t "  r a t e  t o  be 
measured i s  less than seven seconds of a r c  per yea r .  The Coordinated 
Science Laboratory has  proposed a s i m p l e  pass ive  gyroscope which uses 
s u n l i g h t  r e f l e c t e d  from m i r r o r s  to  provide o p t i c a l  da t a  t o  determine 
the  s p i n  a x i s  o r i e n t a t i o n .  3Y4 The g rav i ty  g rad ien t  torque a c t i n g  on 
the  s a t e l l i t e  i s  one of  s e v e r a l  extraneous d is turbances  which can cause 
spur ious  precess ion  of t he  gyro s p i n  a x i s .  
t i o n s  f o r  t he  precess ion  o f  a gyro s a t e l l i t e  i n  a r eg res s ing  o r b i t  a r e  
der ived .  These equat ions  may be u s e d  t o  s p e c i f y  the  to l e rances  f o r  
i n i t i a l  s p i n  a x i s  and o r b i t  alignments which enable  an accu ra t e  measure- 
ment of  t he  r e l a t i v i t y  e f f e c t .  
I n  t h i s  paper ,  gene ra l  equa- 
1. Gravi ty  Gradient  Moment 
The g r a v i t y  g r a d i e n t  moment i s  given by r e f .  5 f o r  t h e  f ixed  
o r b i t  con f igu ra t ion  shown i n  F ig .  1. Two coord ina te  systems a r e  shown, 
system [2] f i x e d  t o  the body s p i n  axis, us, and system 131 f i x e d  t o  the  
o r b i t a l  p lane ,  o r  t o  the  o r b i t a l  angular  v e l o c i t y  v e c t o r ,  w . The x2 
ax is  i s  the  l i n e  of  nodes between the  o r b i t a l  (x3 - y3) plane and the  
e q u a t o r i a l  (x2 - y ) plane  of  t h e  o r b i t i n g  gyro.  
moment components i n  t h e  body a x i s  sys t em given i n  r e f .  5 a r e  
-0 
The g r a v i t y  g r a d i e n t  
2 
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F i g .  1 Planes of gyro equator and o r b i t ;  
coordinate systems [ Z ]  and [ 3 1 .  
3 
where M i s  the  mass of  t h e  e a r t h  and R i s  the  d i s t a n c e  between the  c e n t e r s  
of  the  satel l i te  and t h e  e a r t h .  8 i s  t h e  angle  between t h e  vec to r s  w and 
w and v a r i e s  on ly  because of  precession of  w . I n  the  gene ra l  case 
-0 , -S 
t h e  satel l i te ' s  o r b i t a l  plane w i l l  r egress  about  t h e  e a r t h ' s  po la r  axis 
a t  t he  rate of  h degrees  per  year6 and w i l l  produce an  a d d i t i o n a l  change 
i n  0 .  
-S 
The geometry involved i n  the genera l  case of  i n t e r e s t  f o r  
r eg res s ing  o r b i t s  i s  i l l u s t r a t e d  i n  F ig .  2 .  An ear th-based coord ina te  
system i s  f i x e d  wi th  z along the  e a r t h ' s  no r th  pole  and x along the  
l i n e  o f  ve rna l  equinox ( i .e. ,  t he  l i n e  of t he  nodes between the  e c l i p t i c  
0 0 
and the  e a r t h ' s  e q u a t o r i a l  p lane) .  The yo a x i s  completes an  or thogonal  
r ight-handed system and t h e r e f o r e ,  lies i n  the  e a r t h ' s  e q u a t o r i a l  plane.  
Systems [2]  and [3] bear the  same r e l a t i o n s h i p  t o  each o t h e r  as shown i n  
F ig .  1. A new coord ina te  system, [l],  i s  shown wi th  z a l s o  along the  
gyro s p i n  a x i s ,  bu t  w i t h  x 
and gy ro ' s  e q u a t o r i a l  p lanes .  
1 
along the l i n e  of nodes between the  e a r t h ' s  
1 
This  i s  the most l o g i c a l  system t o  observe 
gyro motion wi th  respect t o  the  e a r t h .  The moment g iven  f o r  system [ 2 ]  
can be transformed through angle  7 to system [ 13 by the  t ransformat ion  
~ -sin'p cx'" I, 
The moment components i n  system [l] a r e  now given by 
4 
Gyro 
Eaua tor 
YO 
X 1  
Fig.  2 O r b i t  and gyro frames related to  i n e r t i a l  
system; coordinate systems [O] , 111, [21, [SI. 
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S u b s t i t u t i n g  t h e  va lues  f o r  M andM 
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Cos0 , COST s in0  , and s i n 1  s in0  w i l l  now be found as  func t ions  o f  i ,  n, 
E ,  and c p .  From F ig .  2 ,  t he  gyro spin a x i s  u n i t  vec tor  i s  g iven  a s  
G~ = s i n e  sincpi - s i n e  coscp'j + cos~Ct,  
and the o r b i t a l  angular  v e l o c i t y  u n i t  vec tor  i s  
= s i n i  si& - s i n i  c o s ~ j  + cosil i .  
wO 
There fo re ,  cos0 = ws * k0 
= s i n i  sin€ cos(Cl-cp) + cos i COS E. 
1: From F i g .  2 a u n i t  vec tor  i s  defined along x 1 
( 4 )  
B = coscpi + sinrp'j . 1 
6 
From F ig .  2 it i s  seen t h a t  the x 
t he  gyro e q u a t o r i a l  plane and the  o r b i t a l  p lane .  
axis i s  normal t o  both kS and Go,  and a new vec tor  a long x2 may be 
defined: 
a x i s  i s  t h e  l i n e  of nodes between 2 
Therefore ,  t h e  x2 
- 
2 '  a z bo x is = s i n e  a -2 
Now 
8 - a2 = a2  COST = sin0 COST 1 
o r  
cos1 s in0 = a1 - Go x CIS 
= - s i n i  cos€ cos(Q-cp) + c o s i  s i n e  . (7 1 
Also i t  can be seen t h a t  
Il x g2 = a2 s inn  b 
S 
= sin0 s inn  Gs 
o r  
s i n 7  s in0  G, s = hl  x (io x is) 
B u t ,  
a1 is = 0, 
t h e r e f o r e ,  
s i n 1  s i n e  = - (a1 - Go). 
S u b s t i t u t i o n  of  the  vec tor  components y i e l d s  
s inn  s in0  = - s i n i  sin(0-cp). (8) 
Equat ions  (7)  and (8) can now be  s u b s t i t u t e d  i n t o  the  moment equat ions  
(2) and (3): 
7 
M =  
x1 
- 
M =  
Y 1  
+ 
2 - 3GM (C-A)[sini cos€ cos(Q-cp) - c o s i  s in€]  cos0 s i n  w o t  
R3 
-- GM (c-A) s i n i  sin(n-cp) s i n  2wot 
* R3 
GM 2 
R3 "Ot 
3 - (C-A) s i n i  sin(n-cp) cos0 s i n  
e (C-A)[ s i n i  cos€ cos(ha-cp) - c o s i  s in€]  s i n  2wot 
R3 
M = O .  
z1 
These equat ions  g ive  the g rav i ty  g r a d i e n t  moment f o r  a g iven  
set of  o r b i t a l  parameters ,  i and R ,  and gyro s p i n  d i r e c t i o n  E and c p .  
2. Precess ion  
The precess ion  r a t e  g of coord ina te  system [l] can be found 
from E u l e r ' s  dynamical equat ion  
By i n s p e c t i o n  of F ig .  2,  t he  components of u, i n  system [l] a r e  w r i t t e n  
w = cp s i n  E 
Y1 
Since  the  coord ina te  axes of system [l] l i e  along the  p r i n c i p a l  axes 
of  t h e  body, t he  angular  momentum vector  g and i t s  d e r i v a t i v e  a r e  given as  
8 
H = A i  
H = A @ s i n e  
x1 
Y 1  
H = C(0, + (I, COS E) 
z1 
Upon s u b s t i t u t i o n  of  these  components i n t o  Eq. (12) w e  have 
& + Gus (i, s i n  E + (C-A) tp 
( 2 ~  - C) (I, E cos E + + s i n  E - C C O ~  i 
c(WS + $ cos E - (I, E s i n  E) 
* 2  s i n  E cos E 
(13) 
= M  
The angu la r  ra te  of  t he  gyro,  ws, t y p i c a l l y  i s  more than t e n  o r d e r s  of 
magnitude l a r g e r  than $ o r  6 .  As w i l l  be seen l a t e r ,  4 and a r e  o f  t h e  
- 2  - 2  o r d e r  of 'p o r  E . Therefore ,  Eqs. (13) may be s impl i f i ed  by neg lec t ing  
a l l  terms on the  le f t -hand  s i d e  which do no t  conta in  the  f a c t o r  w . Now 
S 
i t  can be seen t h a t  
M 
9 
S u b s t i t u t i n g  Eqs. (9)  and (10) i n t o  (14) and (15) g ives  
- 3 G M  2 
'p = 3(9) { [ s i n i  c o t  E cos(~-cp) - cos i l c o s e  s i n  w 0 t 
*s 
+ - -  1 s i n  i sin(Q-cp) s i n  2w0t] 2 s i n  f 
* 3GM C A  2 E =  (+) Csin i  sin(h2-q) cos  0 s i n  w 0 t  
% 
(18) 1 2 0 - - [ s i n i  cos  E cos(n-cp) - c o s i  s i n  €1 s i n  2u, t] 
where cos0 i s  given by E q .  ( 6 ) .  
Assuming t h a t  i ,  0, f, and cp change much less r a p i d l y  than 
Y N 
w o t ,  average rates 'p and E may be found by i n t e g r a t i n g  over  one o r b i t a l  
pe r iod  T 
7 1  cp = - Gdt T 
0 
For an  e l l i p t i c a l  o r b i t ,  the  r ad ius  R from t h e  c e n t e r  of t he  e a r t h  is 
where 
2 a(1-e  ) 
1 + e cos(Y-a) R =  
a = s e m i  major ax is  of the  e l l i p s e  
e = e c c e n t r i c i t y  
Y = w o t  = argument of  the  s a t e l l i t e  
Cy = argument o f  per igee.  
Also, K e p l e r ' s  law of  a r e a s  provides the  r e l a t i o n  
10 
t h e r e f o r e ,  
d t  . - -  dY d t  
R3 R R2 a dt a ( l - e 2 )  R . 
- dY - - -  
d t  
Now, i n t e g r a t i o n  of  (17) over one o r b i t a l  pe r iod  becomes an  i n t e g r a t i o n  
from 0 t o  2rr i n  Y :  
s i n  2 Y [ l  + e(cos Y cos CY + s i n  Y s i n  U)]dY 
a(1-e2)T 
0 
+- sin sinO s i n  Y cos  Y [ l  + e ( c o s  Y cos a + s i n  Y s i n  a)]dY]. s i n  f a( l -e2)T 
The f i r s t  i n t e g r a l  y i e l d s  n, and the second i n t e g r a l  vanishes .  Equation 
(18) i s  i n t e g r a t e d  s i m i l a r l y ,  and t h e  r e s u l t i n g  t i m e  averages are 
N + = ACsini c o t  E cos(n-cp) - cos i ]cose (19) 
where the  g r a v i t y  g r a d i e n t  precession c o e f f i c i e n t  i s  def ined  a s  
C-A 3 GM A S -  
a3(1-e 2 ) 312 hS' 
The o r b i t a l  per iod  T ,  has been e l imina ted  by the  equat ion 
TI 
E =:+ be '  
11 
Equations (19) and (20) may be i n t e g r a t e d  wi th  respect t o  t i m e  f o r  any 
i ( t )  and Q(t) t o  g ive  cp and f a s  funct ions of t i m e .  
7 Y 
cp and E are both of  
the order  of A ,  and t h e r e f o r e ,  t h i s  q u a n t i t y  m u s t  be s m a l l  ( s p e c i f i c a l l y ,  
A - <<1) f o r  the  foregoing de r iva t ion  t o  be v a l i d .  Furthermore,  t he  t i m e  
d e r i v a t i v e s  of  (19) and (20) show tha tcp ,  f, and t h e r e f o r e  is are of the  
o rde r  cp o r  E , a s  assumed previously.  
w w  OS 
-2 - 2  
3 .  Specia l  O r b i t s  
The r e l a t i v i t y  d r i f t  r a t e  of  the  gyro s p i n  axis w i l l  be 
l a r g e s t  when the  s p i n  a x i s  l i es  i n  t h e  o r b i t a l  plane. '  
c a s e s  o f  s p e c i a l  i n t e r e s t  are an  equa to r i a l  o r b i t  and a po la r  o r b i t ,  
because e i t h e r  of  t hese  o r b i t s  w i l l  a l low the  gyro s p i n  a x i s  t o  l i e  i n  
t h e  o r b i t a l  plane f o r  an  extended per iod of t i m e .  
spec ia l  c a s e s ,  Eqs. (19) and (20) may be s i m p l i f i e d  and i n t e g r a t e d  
Therefore ,  two 
For each o f  t hese  
d i r e c t l y ,  as w i l l  be seen.  
A .  Equa to r i a l  O r b i t  
For an e q u a t o r i a l  o r b i t ,  t he  i n c l i n a t i o n  i w i l l  be assumed 
sma l l  so t h a t  
s i n  i M i, 
cos i M 1. 
Also, i t  i s  assumed t h a t  
where 6 
a s  shown i n  the  ske tch .  
i s  a small angle  between the  s p i n  a x i s  and the  x - y p lane ,  e 0 0 
z 
0 
i w -0 
Now, 
TT s i n  E = s in(?  + 6 ) = cos 6 M 1 e e 
Tr cos E = cos(- + 6 ) = - s i n  €ie -6 . 2 e  e 
From E q .  (6) 
cos @ = s i n  i cos(0-cp) -6 cos i . e 
Since i i s  a l s o  a small  angle ,  
12 
Cos 8 M i cos(n-cp) -6 e . 
f 0 1 lowing 
v 2 2 cp = - 4 i 2 6  e cos (R-cp) + i 6 e cos(n-cp) 
+ i cos(fi-cp) - 
13 
N 
Since i and tie are both smal l ,  tp i s  l a r g e r  by a t  l e a s t  one o rde r  of  
magnitude than e ,  and may now be s impl i f i ed  by dropping the  higher  o r d e r  cy 
t e r m s  i n  i and 6 : e N 
ci) -A[be - i cos(n-cp)]. 
I 
For near  e q u a t o r i a l  o r b i t s ,  R changes a t  t h e  rate o f  6 t o  9 r evo lu t ions  
p e r  yea r .  Therefore ,  Eq. (24) i n d i c a t e s  t h a t  t he  average r a t e  o f  change 
of  (p i s  p ropor t iona l  t o  6 t h e  angle  between t h e  gyro s p i n  a x i s  and t h e  
e a r t h ' s  e q u a t o r i a l  p lane .  S e t t i n g  R = R + n t ,  Eq. (24) can be i n t e -  
g r a t e d  wi th  r e s p e c t  t o  t i m e  t o  g ive  Acp: 
e' 
0 
AT = A {6e- i [cos(R - (p) sin + sin(Qo- c p )  ( 
0 fit rat 
l 
By a r b i t r a r i l y  s e t t i n g  - cp = - t h i s  s i m p l i f i e s  t o  
0 2 '  
A c p = A P e + i ( l  t .  
From Eq. (25) i t  i s  seen t h a t  f o r  l a rge  value$ of  fit, Acp i s  p ropor t iona l  
t o  tje. 
B .  Po la r  O r b i t  
lT 
A t r u e  po la r  o r b i t  ( i .e. ,  i = 7)  i s  r equ i r ed  f o r  a nonre- 
g r e s s i n g  o r b i t  p lane .  The nodal r eg res s ion  r a t e  of t he  o r b i t  l i n e  of 
nodes i s  g iven  i n  r e f .  6 by 
- 3  where J = 1.082 x 10 i s  t h e  c o e f f i c i e n t  of  t he  second harmonic t e r m  i n  
t h e  e a r t h ' s  g r a v i t a t i o n a l  p o t e n t i a l .  
2 
(A more exac t  equat ion  for nodal 
, 
14 
reg res s ion ,  a l s o  given i n  r e f .  6 ,  conta ins  terms t h r e e  o r d e r s  of  magni- 
tude smaller than Eq. (26) and w i l l  no t  be r equ i r ed  i n  t h i s  a n a l y s i s . )  
The r i g h t  ascension of t he  o r b i t  l i n e  of nodes w i l l  now be w r i t t e n  
hz = hz 
o r b i t .  
r i g h t  a f t e r  i n j e c t i o n .  Here, 6 i s  an  e r r o r  angle  between the  i n i t i a l  
o r b i t  l i n e  of nodes and the  p ro jec t ion  of  the  gyro s p i n  a x i s  on t h e  
e a r t h ' s  e q u a t o r i a l  p lane .  
p recess ion  depends on t h i s  angle  and on the  r eg res s ion  r a t e ,  h. 
+ fit, where n i s  the  va lue  of R a t  the  t i m e  o f  i n j e c t i o n  i n t o  
F igure  3 shows a t y p i c a l  conf igura t ion  f o r  a near  po la r  o r b i t  
0 0 
P 
It w i l l  be seen t h a t  t h e  g r a v i t y  g r a d i e n t  
From F ig .  3 i t  can be seen t h a t  
and , t h e r e f o r e  , 
Now, 
cos(n-cp) = s in(6  - bt)  
sin(hz-cp) = cos(6 - b t ) .  
P 
P 
Tr A l s o ,  assuming t h a t  i = - + i ' ,  where i '  i s  a small  e r r o r  i n  o r b i t a l  in -  
c l i n a t i o n ,  w e  have 
2 
cos 0 = s i n  E s in(6  - bt) - i ' COS E. 
P 
Equat ions  (19) and (20) now become 
s in (6  - i t )  2 , cos 2E cos E s i n  (6 - f i t )  - i 
P s in€  P 
- i f 2  cos €1 
N 
E = A[* s i n  E sin(26 - 2 h t )  - i ' cos E cos(& - fit)] 
P P 
i 
i 
c 
15 
0 r bTt 
Fig. 3 Initial conditions for polar orbit. 
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These equat ions  may be i n t e g r a t e d  with respect t o  t i m e  t o  g ive  Acp and 
AE a s  func t ions  o f  t i m e :  
P 
1-cos hit - cos 26 + 2 i '  e s i n  f [cos ( ) 
(29 1 s i n  bt] - i 3  2 - s i n  6 
p i t  
s i n  Gt 
- cos 26 P c-c;;tmtj] 
- 2 i '  cos E s i n  6 ('-c;; "3 + cos  6 [ 
I f  E i s  allowed t o  vanish,  t hese  equat ions  may g ive  misleading 
r e su l t s .  I n  p a r t i c u l a r ,  Eq. (29) i m p l i e s  t h a t  Acp i n c r e a s e s  without  
l i m i t  as f --t 0 .  
a r e  undefined i f  f = 0 because the gyro sp in  a x i s  becomes coincident wi th  
the  z - a x i s ,  as can be seen i n  Fig,  3 .  
However, i t  mus t  be remembered t h a t  cp and, t he re fo re ,  Acp, 
0 
It w i l l  be seen l a t e r ,  t h a t  f o r  p r a c t i c a l  purposes ,  t he  nodal 
r e g r e s s i o n  ra te ,  n, should be l e s s  than 45 degrees  per  year  and, t h e r e f o r e ,  
Eq. (26) i n d i c a t e s  t h a t  f o r  400-700 m i  o r b i t s ,  i' must be no l a r g e r  than  
1' o r  .017 r a d i a n .  
and ( 3 0 )  may be s i m p l i f i e d  by dropping the  t e r m s  conta in ing  i'. 
s i m p l i f i e d  express ions  a r e  
Consequently, f o r  such slow reg res s ion  r a t e s ,  Eqs. (29) 
The 
). 
i 
i 
17 
Some t y p i c a l  c u r v e s  a r e  p l o t t e d  i n  F igs .  4 and 5 t o  show t h e  
v a r i a t i o n s  of Acp and Af as func t ions  o f  t he  i n i t i a l  misalignment ang le ,  
6 I n  these  c u r v e s ,  t h e  nondimen- 
s i o n a l  parameters & / A t  cosf and & / A t  s i n e  have been p l o t t e d .  
curves  i l l u s t r a t e  t h e  need t o  keep the  nodal  r eg res s ion  r a t e  and 6 as 
smal l  a s  p o s s i b l e  t o  avoid large values of g r a v i t y  g r a d i e n t  p recess ion .  
and t h e  nodal r eg res s ion  angle ,  A t o  
P '  
These 
P 
18 
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I W  
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I 
2 
Nodal regression angle, f i t  ( Degrees 1 
Fig .  4 Gravi ty  g r a d i e n t  precess ion  f o r  r eg res s ing  p o l a r  
o r b i t ;  normalized e q u a t o r i a l  p lane  component vs. 
r eg res s ion  ang le .  
-. 2 
-.4 
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Nodal regression angle, ht 
F i g .  5 Gravi ty  g r a d i e n t  precess ion  f o r  r eg res s ing  po la r  o r b i t ;  
( Degrees) 
normalized component i n  p lane  of e a r t h ' s  po le  and gyro 
s p i n  a x i s  v s .  regress ion  angle .  
i 
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